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Synopsis

Necking draw of high-density polyethylene is studied at draw rates of 2.5 X 102
to 25 mm/min and at temperatures of —40° to 80°C. Effect of temperature and draw
rate on necking stress is interpreted in terms of viscoelastic flow of amorphous phase
accompanying orientation of crystallites. It is proved that reducibility of draw rate
and temperature holds and that the reduction factor obeys approximately the Williams-
Landel-Ferry equation. Necking stress at an extremely low draw rate, critical necking
stress, is discussed in terms of the phase equilibrium under stress between two states
before and after microfracture of crystallites. The theory, with some approximations,
leads to the equation by Iida in which the critical necking stress is expressed by fusion
parameters. The thermodynamic behavior of isothermal necking is discussed and a
phenomenologic criterion for necking is presented.

INTRODUCTION

Most polymers under the proper conditions will cold draw. In the first
region of stress—strain relation, the curve is almost linear and the specimen
stretches uniformly. At the yield point, the neck forms in one region of
the specimen and the stress reaches a maximum (yield stress) and then
drops to a slightly smaller value at which it remains constant (necking
stress) as the stretching continues. In this second region there exist
undrawn and drawn regions in the specimen. The drawn region grows at
the expense of the undrawn region till the neck reaches the end.

Cold drawing with necking oeccurs with amorphous polymers at tem-
peratures somewhat below the glass temperature.™¢ With crystalline
polymers, the cold drawing takes place from the glass temperature up to
near the melting point.*~® Some polymers yield homogeneously rather
than form the neck at very small draw rates, but high-density polyethylene
forms a neck even at extremely slow draw rates.?

Change in crystalline structure of polyethylene with cold drawing was
extensively studied by Kasai and Kakudo® by use of x-ray wide-angle
diffraction and small-angle scattering. According to them, the structure
changes rapidly in the neck zone from the initial unoriented crystallites
to perfectly c-axis-oriented crystallites.

A thermodynamic theory of necking that takes into account the equilib-
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rium among these phases was first proposed by Miiller and Jackele—13
and recently by Iida,* who interpreted the necking stress at an extremely
low draw rate (critical necking stress) in terms of fusion parameters. A
rheological theory of necking was also developed by several authors?s.12
with the purpose of interpreting the draw rate dependence of necking
stress.

In the present paper, experimental results of necking of high-density
polyethylene, especially at low temperatures and at low draw rates, will be
presented. A four-state model for necking is proposed on the basis of
observation by Kasai and Kakudo,? and the behavior of necking is theo-
retically analyzed. Dependence of necking stress on temperature and draw
rate is interpreted in terms of viscoelasticity of amorphous region and
orientation rate of crystallites. Temperature dependence of eritical
necking stress is thermodynamically discussed. Finally, a phenomenologic
criterion for necking will be suggested.

EXPERIMENTAL

The necking phenomena of high-density polyethylene were studied in
detail by lida' above room temperature and at draw rates higher than 1
mm/min by use of a conventional tensile tester. For the purpose of
extending the ranges of temperature and draw rate, a device for measuring
stress—strain curves was designed, as illustrated in Figure 1.

The lower end of the specimen was clamped in the liquid bath, and the
upper end was drawn upward at a constant speed by means of a synchronous
motor with reduction gear boxes. The draw rate ranged from 2.5X 102
to 25 mm/min. The tensile force was measured by a phosphorus-bronze
ring to which four wire resistance strain gauges were cemented. The
gauges were connected to make a Wheatstone bridge for the purpose of
eliminating temperature effect. The output from the bridge, which is
proportional to the tensile foree, was recorded as a function of time by an
automatic balancing de¢ potentiometer.

The temperature of the specimen was eontrolled by a liquid bath with
water and methanol-Dry Iee mixture above and below room temperature,
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Fig. 1. Apparatus for measuring stress—strain relation at constant elongation rate.
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respectively. The temperature was measured by a Cu-Constantan thermo-
couple.

Specimens were cut out from the 0.04-mm-thick vacuum-pressed film
(Marlex 6002). The film was proved to be isotropic from elasticity
measurement. The specimen was 5 mm in width and the span length was
15 mm. The specimen was marked by ink in order to measure the draw
ratio after necking.

Three pieces of speeimens were used for a single temperature and draw
rate, and necking stress oy was expressed by the tensile force per unit
cross-sectional area of initial state (conventional stress); yield strain sy
at which necking starts and draw ratio ay (ratio in length of drawn region
to initial one) were obtained as average.

Density of specimen before and after draw was measured by a density
gradient tube of benzene-CCly mixtures. The density before draw was
0.967 g/cm?® (30°C) and after draw, at 80°C and a draw rate 25 mm/min,
for example, 0.967, 0.966, and 0.965 g/cm?® (30°C) for undrawn region,
neck region, and drawn region, respectively. The results, together with
those under other draw conditions, indicate that the density variation in
the course of necking is relatively small.

Use of thin specimens in a liquid bath in the present study makes it
possible to assume that the process is almost isothermal and that tempera-
ture rise in the specimen by drawing is relatively insignificant.

RESULTS
Four-State Model for Necking of Polyethylene

A three-state model has been proposed by lida!* for interpreting neck
draw of high-density polyethylene: randomly oriented erystals, oriented
melt, and c-axis-oriented crystals. For understanding draw rate depen-
dence of necking stress, however, a four-state model seems to be more con-
venient, as will be deseribed in the following.

According to Kasai and Kakudo,® the undrawn region of polyethylene,
designated phase A in the following, has an unoriented spherulitic structure.
In the early stage of the neck region, which will be denoted phase B;, the
a-axis of crystallites is preferentially oriented perpendicularly to the
draw direction, but the orientation of the b- and c-axis is rather random.
The spherulite deforms to an ellipsoid, with the major axis parallel to the
draw direction. In the later stage of the neck region, phase B,, the c-axis
is preferentially oriented along the draw direction. Finally in the drawn
region, phase C, the c-axis is almost completely oriented along the draw
direction, and the polymer has a fibrous structure. In the course of B,
to B, each crystallite is deformed and fractured into small blocks, and new
crystallites are formed in phase C.%

Of course, such a change in structure takes place continuously during
neck draw, but the four-state model in Figure 2 may be convenient for
understanding the necking phenomena. In this study, the necking be-
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A (unoriented crystallites)

<« orientation of crystallites accompanied with viscoelastic flow of amorphous phase.
B,  (moderately oriented erystallites before microfracture)

<« microfracture of crystallites, separation of crystallite into blocks.
B: (oriented phase with numerous defects)

<« gathering of blocks

C  (c-axis-oriented crystallites of fiber structure)

Fig. 2. Four-state model for necking of polyethylene.

havior of high-density polyethylene will be interpreted in terms of the
four-state model.

Necking Stress as a Function of Draw
Rate and Temperature

Figure 3 illustrates the necking stress oy as a function of draw rate R.
The data by Iida'* for annealed high-density polyethylene (Sholex 6009)
are in good agreement with ours in the overlapping range of draw rate and
temperature and were used, together with those of the present work, in the
following analysis.

Cold draw with necking in high-density polyethylene does not occur
below —50°C, which is just the lower limit of glass transition region of this
polymer.® Above this temperature, the necking stress depends markedly
on both draw rate and temperature. The dependence may be interpreted
in terms of viscoelasticity of amorphous phase among crystallites.

Since the most time-dependent and temperature-dependent process in the
four-state model in Figure 2 is the reaction A — B,;, we assume, except at
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Fig. 3. Necking stress of high-density polyethylene plotted against draw rate for various
temperatures.
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Fig. 4. Three-element model of a highly crystalline polymer.

extremely low draw rates, that this reaction is the rate-determining process
of necking. As is well known, high-density polyethylene has a spherulitic
structure, and each spherulite contains numerous lamellae and 10-20%
of amorphous phase. The following considerations are, however, based on
a simple model in which, as far as the reaction A — B, is concerned, each
crystallite is assumed to be oriented as a rigid body under uniaxial stress in
the matrix of the amorphous phase.

If the specimen is sufficiently slowly drawn compared with the visco-
elastic relaxation time of the amorphous phase, the crystallite will be well
oriented so that the succeeding process B; — B,, the microfracture of erystals
by generation and slip of dislocations in the erystal, can easily occur and
hence oy may be low. On the contrary, if the specimen is drawn too
rapidly, the crystallite has no time to be oriented so that only a minor
component, of applied stress may be effective in the process B; — B, and
hence oy may be high. Since the relaxation time r of the amorphous
phase decreases with increasing temperature, oy at a specified value of R
decreases with increase in temperature. Such an interpretation is quite
parallel to that by Nakada and co-workers? for temperature and draw rate
dependence of yield stress.

A model of erystalline polymers is given in Figure 4, where a spring G;
represents crystallites and a series connection of spring G. and dashpot
e represents the amorphous region. The deformation of G, does not mean
the deformation of crystallites, but orientation. The model is based on the
fact that the orientation of crystallites with draw must be accompanied by
viscoelastic flow of the amorphous region.

When the model in Figure 4 is drawn with a constant rate R, the stress
in Gy is

g = G18 (1)
where s is the strain. The stress in G, and », is

o2 = GeR7[1 — exp (—s/R7)] 2)
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Fig. 5. Schematic representation of stress—strain relations of the model in Fig. 4 for
various draw rates R (solid curves). Dashed curve represents necking stress oy as a
function of yield strain sy, o, represents stress for brittle fracture.
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Fig. 6. Necking strain (or yield strain at which necking starts) of high-density poly-
ethylene plotted against draw rate for various temperatures: (O) 80°C; (®) 50°C; (@)
20°C; (@) 0°C; (0) —10°C; (@) —20°C; (®) —30°C; (®)—40°C.

where 7 is the relaxation time and is defined by » = 5:/G.. Then the total
stress ¢ is

o =o + o2 = Gis + G.R7[1 — exp (—s/R7)]. 3)

At a small value of s, ¢ is approximated by (Gi.+ G.)s, and at a large
value of s, ¢ approaches (Gis + 7.R). In Figure 5, ¢is schematically shown
as a function of s by solid lines for various values of R.

As has been deseribed, the necking stress will decrease with increasing
crystallite orientation, that is, with increasing s. The curve oy versus s
is drawn in Figure 5 by a dashed line. The intersecting point with the
solid line gives oy and sy as a function of E. The o value decreases with
decreasing R and finally reaches o, at B = 0, which may be called, accord-
ing to Iida,!4 the critical necking stress. The solid line has, therefore, a
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physical significance only below oy because, when neck starts at sy, ¢
is kept constant at ox.

When R is extremely high, the o verus s curve reaches a critical value o,
(brittle fracture stress) before meeting the o curve. This indicates that
the specimen undergoes brittle fracture when the draw rate is too high.

The relation between oy and sy is given from eq. (3) as

~on = Gisy + GoRr[l — exp (—sy/R7)]. 4)

Experimental results for sy, strain at which neck starts or yield occurs, are
drawn in Figure 6 as a function of draw rate. As readily seen, the depen-
dence of sy on draw rate and temperature is not so significant. According
to Nakada,” who measured sy up to ‘an extremely high draw rate (1049/
min), sy decreases relatively gradually with increasing draw rate. These
results indicate that sy does not vary so much with R and temperature
within the range of the present study, and oy is expected to be a function
of Rr from eq. (4).

Since the instantaneous elastic modulus G. is nearly independent of tem-
perature and the contribution of Gys to o is small, temperature dependence
of oy is largely determined by that of r. Under these assumptions, we ean
conclude the reducibility of draw rate and temperature, in a similar way to
the well-known time—temperature reducibility in viscoelasticity of amor-
phous polymers.*®

Temperature dependence of 7 is written as

7(T) = arr(To) (5)

where T is an arbitrary reference temperature and ar is a function of tem-
perature T (shift factor). Then it follows from eq. (4) that

on(R, T) = on(arR, To). (6)

Equation (6) indicates that the curve ox(T") plotted against log R may
be superposed on curve oy(T0) by shifting along the horizontal axis. The
shift value is equal to log ay.

In Figure 7, the master curve is obtained by the above procedure from
the data in Figure 3 and the data by Iida.!* The curves of oy against log B
at various temperatures are well superposed into a single curve.

Figure 8 illustrates the shift factor log a, plotted against temperature,
giving the temperature dependence of relaxation time. The activation
energy H was calculated by the equation

0 log ay

H = (log, 10)R 2T

@

A value for H of 40 keal/mole was obtained around 50°C, which is reason-
able as the activation energy of viscosity of amorphous phase above glass
transition temperature. The plot of log ar in Figure 8 might be fitted by
the Williams-Landel-Ferry equation,!® but the values at low temperatures
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are slightly lower than expected from the equation. It must be noted
that the applicability of the superposition principle in the present case is
based on the simple model with some approximations. Exact treatment
should include the distribution of relaxation times and nonlinearity for the
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Fig. 7. Master curve of necking stress of high-density polyethylene plotted sgainst draw
rate obtained by horizontal shift of curves in Fig. 3 and those by lida.'* Reference
temperature 60°C.
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Fig. 8. Shift factor of necking stress of high-density polyethylene as a function of
temperature. Reference temperature 60°C.

viscoelasticity of the amorphous phase. The necking stress at R =0,
which was assumed constant in the horizontal shift, varies with tempera-
ture, as will be fully discussed in the next section.

Necking viscosity 7w, which is defined by v = ox/R, is given from eq.
(4) to be

G
iy = 1‘:” + Gar[1 — exp (—sw/R7)]. @®)
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Fig. 9. Necking viscosity of high-density polyethylene plotted against draw rate for
various temperatures.

ny decreases with increasing B; and for R7 > 8y, nx is expanded in the
series

_ Gi+Goswy  Gosy?
W= R 2R?r

+ o ©)

The result in Figure 9, where log 5 is plotted against log B for various
temperatures, indicates that 5y is proportional to B—0-%. According to
Tida,'* who measured 5y of high-density polyethylene in a relatively high
range of B (R = 1 to 10° mm/min), ny is proportional to R—-% for various
temperatures (33° to 105°C). These results indicate that 5y is propor-
tional to R—*, where n is slightly smaller than unity, which is quite reason-
able from eq. (9), taking into account that sy is almost independent of B
for small R but slightly decreases for large R values.¥

It should be emphasized that the draw rate dependences of necking
stress and necking viscosity are interpreted here in terms of linear visco-
elasticity of the amorphous phase. More exact treatment will require,
however, to take into account the nonlinearity of this parameter.

Critical Necking Stress

As has been deseribed in the preceding section, the necking stress at a
low enough draw rate will approach a constant value, o,. The curves in
Figure 3 seem to level off at a constant value when extrapolated to B — 0.

The value of the critical necking stress o, is given as G;sy by the model in
Figure 4, but the physical meaning of this expression is rather obscure
because the model is taken only for the interpretation of the rheological
behavior of ¢5. In discussing o, therefore, we consider the phase equilib-
rium in the four-state model in Figure 2. The first step A — B,, which is
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Fig. 10. Schematic representation of free energy levels of the three states without and
with applied stress.

significant at a finite draw rate, may be always in equilibrium at an ex-
tremely low draw rate, and the succeeding reactions B, = B, — C must be
considered.

Figure 10 illustrates the energy per unit volume of states B;, B,, and C.
Since the states B, and C correspond to two crystalline phases, respectively,
which are different in orientation but similar in erystallinity, the two states
may have a similar energy level at zero stress. The state B., on the other
hand, includes a large amount of defects and hence may have a higher
energy. The defects in B, are bound by an energy barrier, and con-
sequently this phase actually exists as a metastable phase.

When the stress is applied, the energy level is elevated by a different
amount for the three states. Since erystallites in state C are completely
oriented, the stress cannot change the energy any more. On the other
hand, the energy of state B;, in which crystallites are only moderately
oriented, will be appreciably increased by stress. In other words, external
stress can do much work in state B; but none in state C. The energy
variation of the three states with stress is shown in Figure 10. When the
stress reaches a critical value o, the energy levels of B, and B, become
equal; and, if this energy is high enough for defects in B: to move, the
reaction A — B; —» B; — C proceeds irreversibly. The work done by
the stress in the process of A — B, — B, is irreversibly dissipated as heat in
the process of B~ C. If the internal energy is the same in the initial and
final states, A and C, heat equal to work done by the stress will be evolved
in the course of necking.

The condition of determining ¢, is therefore

ul(a'c) = u?(ac) (10)

where u; and u; are the Gibb’s free energy per unit volume of states B; and
B,, respectively. We assume u(o) can be expressed as

u(e) = H—- TS + o(a.—a) (11)

where H and S are the enthalpy and entropy at zero stress, « is the local
draw ratio, and «, is the upper limit of . The term o(a, — a) represents
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the increase of free energy by the stress. Since the state B, has a smaller
value of @ than B,, the increase of free energy by the stress is larger.
Equations (10) and (11) lead to

_ AH — TAS

Am 12)

T¢
where AH, AS, and A« are differences in enthalpy, entropy, and draw
ratio, respectively, between the states B, and B; at zero stress.

If the state B, is approximated by liquid or melt, AH and AS mean the
enthalpy and entropy of fusion multiplied by the degree of crystallinity,
X AH, and X.AS,, respectively. Furthermore, if the draw ratio «
is assumed equal in A and B, and in B; and C, Aa corresponds to the differ-
ence in « between C and A, which is equal to (ay — 1) and can be measured
from the necking draw ratio ay. Then we obtain the equation

X (AHpn — TAS,) X (Tw— T)AS,

aN—l aN—l

G = (13)
which is just the same as that obtained by Iida.** In this equation T,
is the melting point of the crystal.

The necking stress extrapolated to 102 mm/min is drawn in Figure 11
as a function of temperature. The values by Iida'* who measured o,
as the relaxed stress at several seconds after draw was stopped, are also
plotted in Figure 11. At high temperatures, thie curve is almost linear and
can be extrapolated to the melting point of polyethylene (141°C) at oy = 0.
The slope —doy/dT gives AS/Aa from eq. (12) and X,AS,/(ay — 1)
from eq. (13). The observed value of —doy/dT is 0.63X10® dynes/
(cm? deg). The calculated value from eq. (13), 0.67 X 10° dynes/(cm? deg),
is in a satisfactory agreement with the observed value, as has been already
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Fig. 11. Necking stress of high-density polyethylene at B = 10~2 mm/min plotted
against temperature. Closed circles represent data by Iida, obtained as a relaxed stress
at several seconds after draw has been stopped.
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pointed out by Iida.* Values used in the calculation are X, = 0.9 (degree
of crystallinity of high-density polyethylene), AS,, = 68.5X10° erg/(deg
c¢m?®) (entropy of fusion per unit volume), and ay (observed value in Fig.
12). The agreement is rather astonishing, considering the crude approxi-
mations in eq. (13). The state B, is not liquid, as proved from x-ray
study® and the density value. Actually, X ,AS, > AS and (ay — 1) >
Aa; but X AS,./(axy — 1) might be nearly equal to AS/Aa; and con-
sequently eq. (13) might be a good approximation of eq. (12).

P
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Fig. 12. Necking draw ratio of high-density polyethylene plotted against temperature
for various draw rates: (0)25; (©)2.5; (©) 0.25; (@) 0.025 mm/min.

10

(10PERG/DEG-CM®)

0
-50 0 50 100
TEMPERATURE (°C)

Fig. 13. Entropy of fusion, AS,, = oy{ay — 1)/X Ty — T') plotted against temperature.
Closed circles represent data taken from Iida.

At low temperatures, however, oy at B = 10~2 mm/min is higher than
expected from linear extrapolation of high temperature values. This may
result from the following: (1) oy at this draw rate is appreciably higher than
o at low temperatures where the relaxation time 7 is long; (2) Aa becomes
small at low temperatures, as illustrated in Figure 12.

Figure 13 gives oy(ay — 1)/ X (T — T), which might be equal to AS,, if
ox = o.and eq. (13) holds. The value decreases with decreasing tempera-
ture in a similar way to ay in Figure 12. This is reasonable, because a
small value of ay indicates that the state B, is not well oriented, and con-
sequently the entropy increase AS from B; to B, will be low.



NECKING OF HIGH-DENSITY POLYETHYLENE 195

Criterion of Cold Draw with Necking

In order to give a reason why necking does occur and uniform draw
does not occur in high-density polyethylene, we must prove that the force
required for draw is smaller in necking draw than uniform draw. In the
following, we will describe the phenomenologic criterion of necking.

The volume element in the specimen is assumed to have a free energy
density u (per unit volume), which is a function of the local draw ratio e,

u = ula) (14)

where a takes the value from unity to ap. When « reaches ay, the volume
element is transformed automatically to state C, accompanied with heat
evolution, and the process of increase of a from unity to ap can be treated
as an equilibrium problem. The density of the element is assumed to be
independent of a.

(a) B:

Fig. 14. Two typical cases of free energy density u plotted against local draw ratio a.

First, we calculate the force for uniform draw without necking. The
energy of the whole specimen U and the length L are written in this case as

U= uw(e)LS = w(a)L,S;y L = aL; (15)
where 8§ is the cross-sectional area and suffix 7 denotes the initial value.
From eq. (15), the tensile force required for uniform draw is

_du du

F=—=23_

= —. 16
dL 'da (16)

Next, we consider draw with necking. If the fraction X of the specimen
isin state « = ap and (1 — X) in state @ = a1, (a > a1), the total energy
U’ and the total length L’ are

U' = LS,(1 — X)u(ar) + LiS: Xu(aw), (17)
L' = Liay(l1 — X) + L;apX.
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Then the forece for necking draw is

dU’  dU'dX u(ay) — ulay)
P "X =5 w—m (18)

This equation is the same as eq. (12).

Eqgs. (16) and (18) indicate that conventional stress has a physical im-
portance greater than that of true stress.

Since o = 1 corresponds to the equilibrium state, u(a) is expanded in the

vicinity of & = 1 to
u(a) = u(l) + Vo.G(la — D)2 +.... (19)

The curve u(a) versus a must therefore be concave upward from a = 1
at least.

Two possible cases for u(a) are drawn in Figure 14. As is readily seen
from eqgs. (16) and (18), F/S, as a function of « is given by the slope of the
tangential line of 4(a) and F’/8, by the slope of the straight line connecting
the point u(a) with the point u(mp). In (a) of Figure 14, F is always
smaller than F’, and necking cannot be expected. In (b), the tangential
line can be drawn from the point u(a) to curve u(a). The point of contact
will be designated B, with &« = ay. Then, F < F' for @ < (1 + sy),
but F > F’ for « > ay. The state B, is just the point where necking
starts, or the yield point.

Some comments will be given here concerning stress peak at yielding.
The stress peak is observed for high-density polyethylene under usual con-
ditions, except at low temperatures and high draw rates, that is, at large
values of R7. In these conditions, the stress-strain relation exhibits no
peak but only a shoulder at which neck draw starts.

In order to discuss the yield stress, we must consider the energy barrier
for motion of defects in state B;. According to the scheme in Figure 10,
the condition u; = u. is not sufficient to initiate necking, but a somewhat
larger value of ¢, the yielding stress oy, is required for defects to move.
Once the necking starts, the barrier is reduced by motion of defects, and
the necking steadily continues at ¢ = oy. At low temperatures and high
draw rates, however, oy, which is determined by the viscoelasticity of the
amorphous phase, is higher than the stress to move defects, and the stress
peak is not observed.

Discussions in this paper are based on the experimental results for high-
density polyethylene. The model used is, however, quite general and may
presumably apply to other erystalline polymers.

In conclusion, authors wish to express thanks to Dr. R. Hayakawa for valuable dis-
cussion.
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